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Abstract. We investigate fourth order Paneitz equations of critical growth 
in the case of n-dimensional closed conformally flat manifolds, n > 5. Such 
equations arise from conformal geometry and are modelized on the Einstein 
case of the geometric equation describing the effects of conformal changes 
of metrics on the Q-curvature. We obtain sharp asymptotics for arbitrary 
bounded energy sequences of solutions of our equations from which we derive 
stability and compactness properties. In doing so we establish the criticality 
of the geometric equation with respect to the trace of its second order terms. 



In 1983, Paneitz ^25i introduced a conformally covariant fourth order operator 
extending the conformal Laplacian. Branson and 0rsted [5] , and Branson [2j [3| , 
introduced the associated notion of Q-curvature when n = 4 and in higher di- 
mensions when dealing with the conformally covariant extensions of the Paneitz 
operator by Graham- Jenne-Mason-Sparling. The scalar and the Q-curvatures are 
respectively, up to the conformally invariant Weyl's tensor in dimension four, the 
integrands in dimensions two and four for the Gauss-Bonnet formula for the Euler 
characteristic. The articles by Branson and Gover Chang [6l [7], Chang and 
Yang 8^ , and Gursky |15j contain several references and many interesting material 
on the geometric and physics aspects associated to this notion of Q-curvature. 

In what follows we let {M,g) be a smooth compact Riemannian manifold of 
dimension n > 5 and consider the fourth order variational Paneitz equations of 
critical Sobolev growth which are written as 

AgU + 6AgU + cu = u^""\ (0.1) 
where Ag — — div^Vu is the Laplace-Beltrami operator, 6, c > are positive real 
numbers such that c— ^ < 0, m is required to be positive, and 2' = is the critical 
Sobolev exponent. Equations like (10.11) are modeled on the conformal equation 
associated to the Paneitz operator when the background metric g is Einstein. In 
few words, the conformal equation associated to the Paneitz operator, relating the 
Q-curvatures Qg and Qg of conformal metrics on arbitrary manifolds, is written as 

Alu - divg{Agdu) + ^^^Qgii = ^^-^QgU^'-^ , (0.2) 

where q and, if Rcg and Sg denote the Ricci and scalar curvature of g, 

Ag is the smooth (2, 0)-tensor field given by 

\2 



(n-2)^-f4 £ 

2(n-l)(n-2) n-2' 



^5 = vu^ r,, Sgg - -—:Rcg . (0.3) 
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When g is Einstein, so that Rcg — Xg for some A G M, equation ()0.2|) can be 
simpHfied and written as 

A> + + (^^^^ = , (0.4) 

where &„ and c„ are given by 

71^ - 2n - 4 n(n-4)(n2-4) 

On = ^ and c„ = — . (0.5) 

2 Id 

In particular, as mentioned, (jO.ip is of the type (j0.4p . An important remark is that 
c„ — ^ = — 1 is negative. Given A > we let S^^ be the set 

= {it e C^{M),u> 0, s.t. \\u\\h2 < A and m solves ([03])} , (0.6) 

where is the Sobolev space of functions in with two derivatives in L^. Fol- 
lowing standard terminology, we say that (jO.ip is compact if for any A > 0, is 
compact in the C"*-topology (we adopt here the bounded version of compactness, 
as first introduced by Schoen |32j). The stronger notion of stability we discuss in 
the sequel is defined as follows: 



Definition 0.1. Equation (jQ.ip is stable if it is compact and if for any A > 0, and 

any e > 0, there exists 6 > such that for any b' and c' , it holds that 

d^.(5,V;'5t) <£ (0.7) 

as soon as \b' — b\ + \c' — c| < S, where S^^ and ^, are given by (|0.6p . and where 
for X,Y (Z C^, d'^4{X; Y) is the pointed distance defined as the sup over the u E X 
of the inf over the v d Y of \\v — u\\ci- 



The meaning of (|0.7p is that small perturbations of b and c in (jO.ip do not create 
solutions which stand far from solutions of the original equation. Stability is an 
important notion in view of topological arguments and degree theory. Also it has 
a natural translation in terms of phase stability for solitons of the fourth order 
Schrodinger equations introduced by Karpman [2 2) and Karpman and Shagalov 
p3] (see the remark at the end of Section [5]) . The main questions we ask here are: 

Questions: (Ql) describe and control the asymptotic behavior of arbitrary finite 
energy sequences of solutions of equations like (jO.ip . 
(Q2) find conditions on b and c for (jO.ll) to be stable. 

By contradiction, (jO.ip is stable if and only if for any sequences (ba)a and {ca)a 
of real numbers converging to b and c, and any sequence {ua)a of smooth positive 
solutions of 

A'^gU + baAgU + CaU^U^'^^ (0.8) 

such that {ua)a is bounded in H^, there holds that, up to a subsequence, Ua Uoo 
in C"'(M), where 

Woo IS ^ 

smooth positive solution of (|0.ip . In other words, (jQ.ip is 
stable if we can impede bubbling for arbitrary bounded sequences in of solutions 
of arbitrary sequences of equations like (|0.8p . including (|0.ip itself. In order to do 
so, we need sharp answers to (Ql). 

As is well known, critical equations tend to be unstable (precisely because of 
the bubbling which is usually associated with critical equations). A consequence 
of Theorem 10.21 below is that bubbling is not only associated with the criticality of 
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the equation but also with the geometry through the relation b — ^Trg{Ag) which, 
see (|0.9p below, characterizes the middle term of the geometric equation (|0.4[) . 

Concerning the bound on the energy we require in Definition lO.!) it should be 
noted that we cannot expect the existence of a priori i7^-bounds for arbitrary 
sequences of equations like (|0.8p when dealing with large coefficents b and c (like 
it is the case for Yamabe type equations associated with second order Schrodinger 
operators with large potentials). In parallel it is intuitively clear that bounded 
sequences in of solutions of equations like (lO.Sp can develop an arbitrarily large 
number of peaks. Summing sphere singularities in a naive way we indeed can prove, 
see Hebey, Robert and Wen [23, that for any quotient of the n-sphere, n > 12, 
there exist sequences {ua)a and {va)a of smooth positive solutions of 

A^U + 6nAgU + CaU — U^^^^ 

such that (ua)a blows up with an arbitrarily large given number k of peaks and 
ll't'ollif^ — > +O0 as a — )■ +00, where (cq)q is a sequence of smooth functions con- 
verging in the C^-topology to Cn, and 6„ and Cn are as in (jO.Sp . In other words, 
illustrating the above discussion, we see that equations like (|0.1|) create bubbling, 
even multiple of cluster type (namely with blow-up points collapsing on a single 
point), and that there is no statement about universal a priori iJ^-bounds for ar- 
bitrary solutions of arbitrary equations like (|0.8I) . Also we see that an equation 
can be compact and unstable (the geometric equation is compact on quotients of 
the sphere). Compactness for the geometric equation in the conformally flat case 
has been established by Hebey and Robert |TH] , and by Qing and Raske [301 131] ■ 
The elegant geometric approach in Qing and Raske [301 131] is based on the inte- 
gral representation of the solutions through the developing map under the natural 
assumption that the Poincare exponent is small. Recently, Wei and Zhao [34] con- 
structed blow-up examples in the non conformally flat case when n > 25. 

Let Xi{Ag)x, i = be the ^-eigenvalues of Ag{x) repeated with their 

multiplicity. Let Ai be the infimum over i and x, and A2 be the supremum over i 
and X of the \i{Ag)x^s. Following Hebey, Robert and Wen [5D] we define the wild 
spectrum of Ag to be the interval = [Ai,A2]. It was proved in [20] that (10. ip 
is stable on conformally flat manifolds when n = 6, 7,8 and 6 < Ai, or n > 9 and 
b ^ Sw We improve these results in different important significative directions in 
the present article: we add the case of dimension n = 5, we replace the condition 
b ^ Sw by the much weaker condition b ^ ^Ti g{Ag), and we accept large values 
of b when n = 6,7. On the other hand, we leave open the question of getting 
similar results in the nonconformally flat case. In the above discussion, and in 
what follows, TTg{Ag) = g^-' Aij is the trace of Ag with respect to g. There clearly 
holds that ^TTg{Ag) e at any point in M, and it is easily seen that 

Let {ua)a be a bounded sequence in of solutions of (10.81) . Up to a subsequence, 
Ua weakly in for some u^o G which solves (|0.ip . When c — ^ < 0, by 

the maximum principle, either Uoo > in Af or Uao = 0. In the second order case, 
in low dimensions (namely n = 3, 4, 5) we know from Druet [9] that we necessarily 
have that Uoo = if the convergence of Ua to Moo is not strong (but only weak) and 
the Mq's solve Yamabe type equations. In the framework of question (Ql), we also 
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address in this article the question of whether or not such type of results extend 
to the fourth order case when passing from Yamabe type equations to Paneitz 
equations like (|0.ip . We positively answer to this question in Theorem 10.11 below, 
the low dimensions being now 5,6,7. 

Theorem 0.1. Let (M,g) be a smooth compact conformally flat Riemannian man- 
ifold of dimension n — 5, 6, 7 and b,c > be positive real numbers such that 
c — ^ < 0. Let {ba)a o,nd {ca)a be sequences of real numbers converging to b 
and c, and (wq)q be a bounded sequence in of smooth positive solutions of (|0.8p 
such that Ua "oo weakly in as a ^ +oo. Then either Ua — >■ Uoo strongly in 
any C'' -topology, or Uqo = 0. 

Theorem 10.11 answers the above mentioned question of whether or not we can 
have a nontrivial limit profile for blowing-up sequences of solutions of (|0.8p . As 
a remark, the geometric equation on the sphere provides in any dimension n > 5 
an example of an equation like (10.11) with sequences {ua)a of solutions such that 
Ua 7^ Uoo strongly and Uqo = 0. Now we return to the question of the stability of 
(jO.ip . When n = 5 we let G be the Green's function of the fourth order Paneitz 
type operator Pg = A"^ + bAg + c. Then 

GAy)^7—A — 7 + M.(y), (0.10) 

6uj4:dg(x,y) 

where Gx{-) — G{x, •) is the Green's function at a; of Pg, UJ4 is the volume of the 
unit 5-sphere, and fix is C"'^ in M for 9 £ (0,1). The mass at x of Pg is Hx{x)- 
Our second result states as follows. 

Theorem 0.2. Let (M,g) be a smooth compact conformally flat Riemannian man- 

,2 

if old of dimension n > 5 and b,c> be positive real numbers such that c — ^ < 0. 
Assume that one of the following conditions holds true: 

(i) n = 5 and iix(x) > for all x , 

(a) n — 6 and b ^ , 

(Hi) n = 8 and b < ^ min7\/ Trg{Ag) , 

(iv) n = 7 or n > 9 and b ^ ^ Trg{Ag) in M . 
Then for any sequences {ba)a o,nd {ca)a of real numbers converging to b and c, and 
any bounded sequence {Ua)a in of smooth positive solutions of (jO.Sp there holds 
that, up to a subsequence, Ua — Woo in C'^{M) for some smooth positive solution 
Uoo of (|0.1|) . In particular, ()0.1|) is stable. 

As a direct consequence of Theorem 10.21 cluster solutions and bubble towers do 
not exist for (10. ip when one of the conditions (i) to (iv) is assumed to hold. This 
includes the existence of cluster solutions or bubble towers constructed by means 
of perturbing (|0.ip such as in (|0.8p . 

Let Go be the Green's function of the geometric Paneitz operator Pq in the left 
hand side of (j0.2p . Humbert and Raulot [3T] proved the very nice result that in 
the conformally flat case, assuming that the Yamabe invariant is positive, that 
Pq is positive, and that Gq > outside the diagonal, then the mass of Gq is 
nonnegative and equal to zero at one point if and only if the manifold is conformally 
diffeomorphic to the sphere. A similar result was previously established by Qing 
and Raske [3D1I3I] when the Poincare exponent is small. By (i) in Theorem l0.2l we 
need to find conditions under which ^x{x) > for all x, where fixix) is the mass of 



ASYMPTOTIC ANALYSIS FOR PANEITZ EQUATIONS 



5 



our operator Pg = + 6Ag + c. A third theorem we prove, based on the Humbert 
and Raulot [21 rcsuh, is as follows. 

Theorem 0.3. Let {M,g) be a smooth compact conformally flat Riemannian man- 
ifold of dimension n = 5 with positive Yamabe invariant such that the Green's 
function of the geometric Paneitz operator Pq is positive and let 6, c > be pos- 
itive real numbers. We assume that bg < Ag in the sense of bilinear forms and 
c < ^Qgj '"^'^ *^ case Ag = bg and c = ^Qg simultaneously, we assume in addition 
that (Af , g) is not conformally diffeomorphic to the standard sphere. Then the mass 
fJ'x{x) of Pg is positive for all x £ M . 



Theorem l0.3l raises the question of the existence of 5-dimensional compact confor- 
mally flat manifolds with positive Yamabe invariant and positive Green's function 
for Pq. By the analysis in Qing and Raske j31j compact conformally flat manifolds 
of positive Yamabe invariant and of Poincare exponent less that ^^^^^ = ^ are such 
that the Green's function of Pq is positive. Explicit examples of such manifolds are 
in Qing- Raske [5T] . 

The paper is organized as follows. In Section [1] we establish sharp pointwise 
estimates for arbitrary sequences of solutions of (|0.8|) . This answers (Ql). Thanks 
to these estimates we prove Theorem 10.11 in Section [2j Trace estimates are proved 
to hold in Section [31 By the estimates in Sections [1] and |3] we can prove Theorem 
10.21 in Section m when n > 6. In Section [5] we prove Theorem 10.21 in the specific 
case n = 5. Theorem 10.21 provides the answer to (Q2). We prove Theorem 10.31 in 
Section [HI 

1. Pointwise estimates 
Let {M,g) be a smooth compact Riemannian manifold of dimension n > 5, and 

.2 

b,c > be positive real numbers such that c — ^ < 0. We do not need in this 
section to assume that g is conformally flat. Let also {ba)a and (cq)q be converging 
sequences of real numbers with limits b and c as a — > oo, and {ua)a be a bounded 
sequence in of positive nontrivial solutions of (|0.8I) . Up to a subsequence, 
Ua Uao weakly in as a — > -\-oo. By standard elliptic theory, either — u^o 
in or the Uq's blow up and 

||Wa||L°' -> +00 (1.1) 

as Q! — >■ -l-oo. From now on we assume that (jl.ip holds true. By Hebey and Robert 
[l8] and Hebey, Robert and Wen [20], there holds that 

k 

-f^i?^ + 7^„, (1.2) 

1=1 

where TZa — > in as a — ?> oo, and the -B^'s are bubble singularities in H^. Such 
B^'s are given by 



Bl,^v{d^,a) I ^ I , (1.3) 



where 77 : R — >■ R is a smooth nonnegative cutoff function with small support (less 
than the injectivity radius of g), di^a{') = dg{xi^a, ■), A„ = n{n — 4)(n^ — 4), fc > 1 
is an integer, and for any i, {xi^a)a is a converging sequence of points in M and 
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ifJ'i,a)a is a sequence of positive real numbers such that ^i^a — ?> as a — > +00. 
Moreover, we also have that the following structure equation holds true: for any 



as Q! ^ +00, and that there exists C > such that 



+CX3 (1.4) 



ra{x)^ \Ua{x) ~ Uoc{x)\ < C (1.5) 

for all a and all x G M, where 

ra{x) ^ min dg{xi,a,x). (1.6) 

i—l,...,k 

By (|1.2p and (|1.5p we have that ^ Uqo in and ^ Mqo in C'°q^(M\iS), 
where S is the set consisting of the limits of the ^'s. We define /i„ by 

/i„ = max . (1.7) 

i—l,...,k 

There holds that /i^ — > as a — > +oo since /i^.^ — > for all i as a — > +oo. We aim 
here at proving the following sharp pointwise estimates. 

Proposition 1.1. Let {M,g) be a smooth compact Riemannian manifold of di- 

1 2 

mension n > 5, and b,c > be positive real numbers such that c — ^ < 0. Let 
also (ba)a o-nd {ca)a be converging sequences of real numbers with limits b and c as 
a — >■ +00, and {ua)a be a bounded sequence in of positive nontrivial solutions 
of (jO.Sp satisfying ()l.ip . There exists C > such that, up to a subsequence, 

|V%„| < C [^i^ri-''-^ + \\uoo\\l^) (1.8) 
in M , for all j = 0, 1, 2, 3 and all a, where ra is as in (jl.6l) . and fia is as in (|1.7p . 



We split the proof of Proposition 1 1 . II into several lemmas. The first lemma we 
prove is a general basic result we will use further in the proof of Lemma 11.21 



Lemma 1.1. Let S > and {ga)a be a sequence of Riemannian metrics in the 
Euclidean ball Bq{2S) such that ga £, in C'foc (^o(2^)) as a +oo, where ^ is 
the Euclidean metric. Let {ba)a o.i^d, (cq)^ be bounded sequences of positive real 

numbers such that Ca < for all a. Let {wa)a be a sequence of positive functions 
such that 

A'^j^Wa+baAg^Wa+CaWa^wl^'^ (1.9) 

in Bq(2S) for all a. Assume \\wa\\L°°{Bo{5)) ~^ +00 as a — > +00 and that there 
exists C > such that \\wa\\L°°{Bo{S)\Bo{S/2)) < C for all a. Then 

wl'dx>il + o{l))K-''/\ (1.10) 

Bo(<5) 

where o(l) — > as a ^ +00 and Kn is the sharp constant in the Euclidean Sobolev 
inequality WuW^^ < Kn\\Au\\2, u G . Here is the completion o/C^(M") with 
respect to u ||Au||2. 

Proof of Lemma \l.ll Let i^a be given by 

l^a — max Wa 
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and Xa be such that Wa{xa) — Va ^ ■ By assumption, i^q, — as a — >■ +00 and 
Xa S Bq{5/2) for 1. Let Wa be given by 

7^--4 

Wala;) = i^iT^^lfa [Xa + VaX) . 

For any i? > 1, is defined in Bo{R) provided a 1 is sufficiently large. Let 
di^a and d2,a be given by 



Then, as is easily checked, for any R > 1, 

= (Ag^ + di^al^l) O (Ag„ + da^aJ^a) (1.12) 
~2*-l 

= 

in Bo(R) for all a 3> 1 sufficiently large, where gQ(x) = ga{xa + Vax). Since 
< Wa < 1, it follows from (|1.12p and classical elliptic theory, as developped in 
Gilbarg-Trudinger [T^, that the w„'s are bounded in Cf^'f (M"), 9 € (0,1). In 
particular, there exists w such that, up to a subsequence, — ?> iD in Cf^^ (R") as 
a +00. By rescaling invariance rules there also holds that w E . Passing to 
the limit as a — > +00 in (11.121) . we get that 

Since ^(O) = maxRn w = 1, it follows from Lin's classification P31 that w is the 
ground state in (|1.14p below. Noting that for any i? > 1, 

wtdv7,^ = I wtdv„„ 



g. 



< (1 + 0(1)) / wldx 

Jbo(S) 



we get from the L^^-convergence Wa w that 



liminf / dx > uF' dx . (1-13) 

'bo{5) J BoiR) 



Noting that w is an extremal function for the sharp inequality ||u|l2j < -f^n||Au||2, 

it is easily seen that /jj„ w'^" dx = Kn Letting R — > +00 in (|1.13|) . this ends the 
proof of the lemma. □ 

From now on we let B : M" M be the ground state given by 

B{x)=[l + ^^ ' , (1.14) 

where A„ is as in (|1.3p . Given x € M , fi > {) and u : M — R, we also define the 
function R^u by 

Rxu{y) = IJ-'^uiexp^ifiy)) , (1.15) 
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where y G M" is such that \y\ < and > is the injectivity radius of {M,g). 
For {ua)a as above, and i £ {1, . . . , fc}, we define Si,r,Si,t C M" by 



(f.l6) 



Si^t ^ I Um ^— exp^.^ j = f, . . . , fc 

Si^r = I lim ^— exp"\(a;j,„), j e /i I , 



where li is the subset of {f,...,fc} consisting in the j's which are such that 
dg{xi^a,Xj^a) = 0{pi,a) and /ij.Q = o{^i^a)- The second lemma we prove es- 
tabhshes local limits for the u^'s. 

Lemma 1.2. Let {M,g) be a smooth compact Riemannian manifold of dimension 

,2 

n > 5, and b,c > be positive real numbers such that c — ^ < 0. Let also {ba)a 
and {ca)a be converging sequences of real numbers with limits b and c as a +oo, 
and {ua)a be a bounded sequence in of positive nontrivial solutions of (|07 
satisfying Then, up to a subsequence, 



B 



(1.17) 

in Cf^^ (R"\5i_r) as a +oo for all i, where Si^r is as in (jl.l6p . 

Proof of Lemma \l.'d First we claim that for any i and any K CC R"\5i^t, there 
exists Ck > such that 

R^I-2u^\<Ck (1.18) 
in for all a ^ 1 sufficiently large. Fix i and K. For any x € i^, and any j, 



> c 



1 -W . X 

3- exp^n . \*^j.Q: / 



by the definition of 5^,* in pTTH)) . Then (fTTSl) follows from (|T3)) . Also, by direct 
computations, using the structure equation (11.41) . there holds that for any i j, 
R'ilZBi in (R"\5^,0 as a ^ +oo, where the S^'s are as in Noting 
that Rxl[2Ba{x) — ri(pi^ax)B{x), where rj is as in (II. 3p and i? is as in (I1.14p . we 
get that for any i, 

k 

in L^^ (M"\5,,,.) as a ^ +cx). Now we prove (frT7| . By (fT^ . 



(1.19) 







in L^Q^(]R") as a — > +cx). Moreover, in any compact subset of ] 



(1.20) 



(1.21) 



for a ^ 1 sufRciently large, where Ua — Rxll^Ua and ga{x) ~ (exp*. ^ g) (/ii^^a;). 
Since — >■ 0, we have that ga ~^ £. hi Cf^^{R^) as a -> +oo. By (|1.18p . the 
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sequence {ua)a is bounded in i^^(R"\5i,t). By (|1.19p and (|1.20p . there also holds 
that 



lim lim sup 



i5-j-0 



ui! dx = 



(1.22) 



for all X G By Lemma [01 we then get that the sequence {ua)a is actually 

bounded in L^^(R"\iSi_r)- By (|1.2ip and elliptic theory it follows that {ua)a is 



bounded in Cff^{W\Si^r), 9 e{0,l)- This ends the proof of Lemma O 



□ 



The following lemma establishes pointwise estimates for the Ma's. The estimates 
in Lemma [T73l are a trace extension of the estimates (jl.Sp . In particular, as is easily 
checked, (|1.23p below implies (jl.Sp . 

Lemma 1.3. Let {M,g) be a smooth compact Riemannian manifold of dimension 
n > 5, and b,c > be positive real numbers such that c — ^ < 0. Let also (6q)q. 
and {Ca)a be converging sequences of real numbers with limits b and c as a — > +oo, 
and {ua)a be a bounded sequence in LL^ of positive nontrivial solutions of (|07 
satisfying Then, up to a subsequence, 

2«-2 







(1-23) 



in L°°{M) as a ^ +oo, where r^ is as in (jl.6|) . and the Bl^ 's are as in (|1.3p . 
Proof of Lemma Let : — > K be given by 



Daix) = min {dg{Xi^a,x) + ^ii^a) 
i—l,...,k 

We prove sligthly more than (|1.23p . namely that 



(1-24) 



(1.25) 



in L°°{M) as a +oo, where Da is as in (ll.24p . Let Xa G M be such that 



Dtixa) 



2^-2 



(1.26) 



maxZ?„(a;) 

x6M 



Ua{x) - Moo (a;) - Bgia 



First we claim that 



lim inf D^ixa) 

a— f +00 



2»-2 



> 



(1.27) 



lim Da{xa)^Bl^{xaY 



= 



for all i. In order to prove (jl.27l) we proceed by contradiction and assume that 
there exists eo > and i such that Da{xa)^Bl^{xa)'^ ^ £o, and thus such that 

Da (^Q )/^i,a 



7y {dgi^Xi^a ^ -^q)) 



2 I rfa(a:i,a,a^a)'' 



(1.28) 
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By ()1.28p we get that dg{xi.a,Xo 
that, up to a subsequence, 



— T' as a — >■ +00, that there exists A > such 

(1.29) 



-> A 



as a —7- +00, and that 



dg {Xj_^ct •) ) ^ 1/4 



Mi. 



(1.30) 



for all a and j. Let ya be given by 

By (|1.30p . d{ya,Si^r) > £ for all a, where e > is independent of a, while by (jl.29p 
there holds that \ya\ < C for all a, where C > is independent of a. We have that 
Da{xa) < IJ'i,a by (11.29^ . By Lemma [TT^ we then get that 



(1.31) 





as a — +00. As in the proof of Lemma 11.21 using the structure equation (jl.4l) . 
there also holds that Da{xa)^B^^{xa)'^ — > as a — > +00 for all j ^ i. Coming 
back to ()1.3ip , the contradiction follows with the assumption in (|1.27p . This proves 
(|1.27p . Now we prove (|1.25p . Here again we proceed by contradiction and assume 
that there exists eo > such that 

i=l 



(1.32) 



where Xa is as in (|1.26p . We claim that 



(1.33) 



as a -> +00. By (fr27| and (|L32)) . we get ([03)) if we prove that Da{xa) 
as a — )■ +00. Suppose on the contrary that, up to a subsequence, Da{xo,) — > (5 as 
a ^- +00 for some 6 > 0. By (fTTT} and there holds that 



\Ua{x) - Uoo{x)\^ < C \UaiXa) - Uao{Xa)f ^ 



0(1) 



(1.34) 



for all X G Bx^{S/2), and all a ^ 1. Assuming that (|1.33p is false, it follows from 

(|1.34l) that the Ua's are uniformly bounded in a neighborhood of the Xa^s. By 

elliptic theory we then get that Ua — > Uoo in L°°{n), where is a neighborhood of 

the limit of the Xa's. Hence Ua(xa) — Moo(a^a) ^ and we get a contradiction with 

2 — 

(|1.27l) and (|1.32p . This proves (|1.33l) . Now we let be given hy fia ^ = Ua{xa) 

and define Ua by Ua = Rx°'Ua- Then 



-2' — 1 



(1.35) 



where ga{x) = [exp*^g){fj,ax). By ()1.33p . /ia — as a — +00. It follows that 
5q — ?> ^ in Cf^^{M.^) as a — 7> +00. Also there holds that Ua{0) = 1 and that the Ma's 
are bounded in H^. Up to a subsequence, Ua Uoo in H^^^ and 



~2» 



(1.36) 



ASYMPTOTIC ANALYSIS FOR PANEITZ EQUATIONS 



11 



where A = — div^V is the Euclidean Laplacian. Let S be given by 

where / consists of the indices i which are such that dg{xi,a,Xa) = 0{^a) and 
tJ-i,a = o{^a)- In what follows we let K CC R"\iS be compact, x E K. By (|1.26l) . 
([r?7| and pT^ . we have that 



k 2»-2 
i=l 



(1.37) 



< 



-Da (^a ) 



(l + o(l))+o(l) 



where i/a — exTp^^{p,ax). It can be checked that 

li^Bl,iy^)^0 (1.38) 
for all i, as a +oo. By (fOSl) . ((L37)) and (fOSt we then get that 

M^f-' < (^^)' (1 + «(!)) + • (1-39) 

Since x € K, and K CC R"\5, there holds that Da{xa) = O {Da{ya))- Hence, 
by (fL39l) . for any iiT CC K"\5, there exists C > such that |ua| < C in K. By 
elliptic theory and ()1.35p we then get that 

Ua Uoo (1-40) 

in Cf^^{MV'\S) as a — ?► +oo. It holds that 0^5 since, if not the case, we can write 
that Da{xa) = o(/Zq) and we get a contradiction with (jl.32p . As a consequence, 
since Mq(0) = 1, it follows that Moo(O) = 1 and thus that Uoo ^ 0. By (|1.36p and 
Lin's classification [23] we then get that 

"-(2;) = I . I (1-41) 



A2 + 



for some A > and xo E M" such that VKX{X - 1) + l^op = 0. Let K CC R"\5, 
K ^ (d. By ([O]) and ([QS]) there holds that u„ -> in L'^\k). By ([QO]) we 
should get that u^dx = 0, a contradiction with (|1.4ip . This ends the proof of 



Lemma 11.31 □ 
As already mentioned, it follows from ()1.23p that there exists C > such that 

ri"-4)/2?/„ < C . (1.42) 
Derivative companions to this estimate are as follows. 

Lemma 1.4. Let {M,g) be a smooth compact Riemannian manifold of dimension 
n> 5, and 6, c > be positive real numbers such that c — ^ < 0. Let also (6^)0, 
and {ca)a be converging sequences of real numbers with limits b and c as a +00, 
and {uo.)a be a bounded sequence in of positive nontrivial solutions of (10. 8p 
satisfying p.ip . There exists C > such that, up to a subsequence, 

r^+'lV'^Ual < C (1.43) 
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in M for all a, and all k = 1,2,3, where Va is as in (11.61 



Proof of Lemma \1.4\ Lemma 11.41 follows from Green's representation formula and 
(|1.23p . Let Ga be the Green's function of A^+6aAg+Ca. By Green's representation 
formula, 

Ua{x)= I Gaix,y)uaiyf*^^dvg{y) (1.44) 

JM 

for all X e M. Then, by (fn^l) . 

V'u^ix)^ f VlG^{x,y)u^{yf-^dvg{y) (1.45) 

J M 

for all x e M. There holds, see Grunau and Robert [13], that 

|V^G„(a;,y)| < Cdg{x,yf-^-'' (1.46) 

for all a, all x,y € M with x y, and ah k £ {0, 1, 2, 3}. By (fOS]) . (fOSj) . (fOe]) 
and Giraud's lemma, we then get that there exists C > such that 

l^'u^ix)] < [ \\/';G^{x,y)\u^{yf-'dvg{y) 

JM 

N 

< CJ2 dg{x,y)^—'dg{x,,^,y)-^"+^^/'dvg{y) 

Jm 

< Cr^{x)-^-K 

This proves ([QH]) . □ 

Estimates such as in (|1.5p and Lemma [1.41 are scale invariant estimates. When 
transposed to the Euclidean space, in the simple case of a single isolated blow-up 
point, we would get, for instance when k = Q and k = 2, that |a:|'-"~'*^/^|u(a;)| < C 
and |a;|"/^|Au(a::)| < C. These two estimates are invariant with respect to the 
scaling \^'^^'^^^^u{Xx) which leaves invariant both the equation A^u — v? and 
the iJ^-norm. Scale invariant estimates, together with the Sobolev description (|1.2p . 
provide valuable informations on the u^s. However they are still not strong enough 
to conclude to the theorem. Sharper estimates such as the ones in Proposition ll.il 
are required. From now on we define the w^'s by 

for all a. By (|a8l) there holds that 

h « 



^ b ■ b 

where Ca — ^ — c^. In particular, when Cq, < we get by the maximum principle 
that either > in M or = 0. When we also assume that > 0, this implies 
that Va > when Ua is nontrivial. The following lemma is a key point toward the 
proof of Proposition 11.11 

Lemma 1.5. Let {M,g) be a smooth compact Riemannian manifold of dimension 
n > 5. Let also {ba)a cind {ca)a be converging sequences of positive real numbers 

b^ 

satisfying that Ca f" < for all a, and {ua)a be a bounded sequence in of 

positive nontrivial solutions of (jO.Sp satisfying (jl.ip . Let Uao be such that, up to 

2^ /2 

a subsequence, Ua — > Uqo a.e. in M . There exists Ci > such that Va > C\Ua 
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in M for all a, where the Va 's are as in (|1.47p . Assuming that either Uoo ^ Q or 
c— ^ < 0, where b and c are the limits of the sequences {ba)a cind {ca)a, there also 
exists C2 > such that Va > C2Ua in M for all a. 

Proof of Lemma \1.5l We use twice the basic remark that if fl is an open subset of 
M, u, V are C^-positive functions in O, and a;o S is a point where ^ achieves its 
supremum in J7, then 

> . (1.49) 

Indeed, V (^) = so that u{xo)Vv{xo) = v{xo)Vuixo). Then, 

A f'"\r \ u{xQ)Agv{xo) - v{xo)Agu{xo) 
^3 - (xo) - 



■.uJ u^{xo) 

and we get (|1.49|) by writing that Ag (^) (xo) > 0. In what fohows we let Xa & M 
be such that 

-max^ . (1.50) 



Then, by (fTiOl) . 



AgUo,(Xa) I ^ AgVg (Xg) 

UaiXa)'^'/'^ ~ Va{Xa) 



We compute 



AgUg' ^-ug' AgUg--[--l]u^- 1Vw„|'. (1.52) 



2 

It foUows from (IT3T|) and ([T3^ that 

2*^ AgUa{Xa) ^ AgVa{Xa) 
2 "Uq, (^a ) (-^a ) 

By pnSl) and ([T35)) we then get that 

2" ^a(cCc.) ^ 2« AgMc(cCa) ^ 2»b„ 

AgWa(a;Q) 2' 6„ 



(1.53) 



> 



WQ(a;Q) 2 2 



VaiXa) V 2 / 2 

Ma(.Ta)2''"l ^ _ Ual^^a) , /'2f ^\ b^ 
Co 



^^(Xq) "wa(Xa) V 2 / 2 



where = ^ — c^. By assumption, b^ > and > 0. In particular, we get that 

Va{Xa^ ^ \j ~^Uq^ {Xq^ ) ^ 

for all a. The estimate > Cua follows from the definition (|1.50p of Xa- This 
proves the first part of Lemma 11.51 In order to get the second part we let Xa be 
such that 

Ua(Xa) Ua[X) , , 

— - — - — max — . (1-54) 

1^a\Xa) xeM Va{x) 
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By (fOOl) and ([L54l) . 

and we get with (|1.48p that 



As a consequence, 



and we get that 



V(x {Xa ) 



lloi {Xq^ ) 



> Cq + Uq(Xq) . (1.55) 



Assuming that c — ^ < there exists 5 > such that Cq, > 5 for all a. Similarly, let 
us assume that Moo ^ 0. If stands for the Green's function of + ha^g + Ca, 
then 

Ucc{Xa)^ / Ga{Xa,-)u^a~^dVg> \ G a(x a, ■)u^a~^ dv g . 

JM Jm\\J.B^.{S') 

By Lemma ll.3[ Uq — > Uqo uniformly in compact subsets of IJiLii^i}- Letting 
a — ?> +00, and then S' 0, it follows that there exists S > such that Ua{xa) > S 
for all a. In particular, in both cases c — ^ < and Uoo ^ 0, we get with (jl.55p 
that Va{xa) > Cua{xa) for somc C > independent of a. By the definition of 
Xa in (|1.54p it follows that Va > Cua in M for all a. This ends the proof of the 
lemma. □ 

At that point, given i5 > 0, we define r]a{S) by 

Vai^) — max Va , (1.56) 

where is as in (|1.47p . Then we prove the following first set of pointwise e-sharp 
estimates on the u^s and v^s. 

Lemma 1.6. Let (M,g) be a smooth compact Riemannian manifold of dimension 
n > 5, and b,c> be positive real numbers such that c — ^ < 0. Let also (6q)q. 
and {ca)a be converging sequences of real numbers with limits b and c as a ^ oo, 
and {uo.)a be a bounded sequence in of positive nontrivial solutions of (10. 8p 
satisfying ()l.ip . Let < e < Sq, where Eq > is sufficiently small. There exist 
Re > 0, (5e > 0, and > such that 

Ua < G, (^^-("-^)V4-„+(„-2)e + 

4 (1-57) 

Va < (a*^"^"-'^V(2-")(i-) +^„(5,)r(2-)^) 

in AI\ [j'^^i ^{RsfJ-i.a) fof ct, where fii^a is as in (jl.3l) . r^ is as in (|1.6p . fia 
is as in (jl.7p , Wq, is as in (jl.47p , and rja is as in (|1.56p . 
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Proof of Lemma \1.6l The first estimate we prove is the one on the Va 's from which 
we deduce then the estimate on the u^s by using the Green's representation of 
Ua in terms of Va- We establish the estimate on the Va's for < e < ^, and the 
estimate on the u^s for < e < min(2, n — 4). 

(1) Proof of the estimate on the Va 's in ()1.57p . We fix < e < ^. Let G'l be the 
Green's function of Ag + 1 and let tpa,e be given by 

i i 

Given > we let Vla^R — IJ^ Bx^ ^{Riii_a), and let G M\^la_ji be such that 

max = — - . 

First we claim that for (5e <C 1 and i?e ^ 1 suitably chosen, 

x„ e 9 {M\n^^R) or r^Xo.) > S, . (1.58) 

We prove (|1.58p by contradiction. We assume Xa ^ d {M\na,R) and ra{xa) < Se- 
We have that 

and by direct computations, using standard properties of the Green's function G'l 
such as its control by the distance to the pole, there also holds that since < e < ^ , 
there exist Co{e),Ci{e) > such that 

> Co{e) - C,{e)rUxar ■ (1-60) 



By (fOSl) and Lemma [TSl 

Va{Xa) Va(Xa) Va{Xa) (1-61) 

2^—2 

< Cra{Xafua{Xa)^~ + Cr^iXaf 

for all a, where Cq = ^ — Cq and C > does not depend on a. By Lemma [1.31 

rc.{x^fu^{xS~^ < CrAxa)^ + Cy2r^{x^)*Bl,{x^f-^ + o{l) 

< + ER , 



where — > as i? — > +cx). By (|1.59p - (|1.62l) we get a contradiction by choosing 
Se ^ 1 and I sufficiently small. This proves (|1.58p . Now that we have (|1.58p . 
up to increasing R, we claim that thanks to Lemma ll.2[ 

max — < Ce . (1.63) 

Indeed, if ra{xa) > 5^, then 



tpa,siXa) n 



OiiXa) ( I \ 
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while if Xa G d {M\ila,R), we get that 

for some j, where Zq, is such that — exp^. ^{fii^aZa), a.nd ga{x) — (exp* . ^ 5) (/ii^Q,a;). 
Then, by Lemma 11.21 and standard properties of G'^ , 

Va{Xa) ^ ^H%a_H%a ^ ^ I fJ'i.a \ < (7 



'(paA^a) ,,T (n-2)e \ 

pa 

up to choosing R ^ 1 such that dBo{R) C\Si^r — 0, where Si^r is as in (|1.16p . In 
particular, we get that (|1.63l) holds true. Noting that G'i{xi^a,x) < Cra{x)^'^'^^^\ 
this ends the proof of the estimate on the w^'s in (|1.57p . 

(2) Proof of the estimate on the Ua 's in (fT37)) . WefixO < e < ;ji2 min(2, n-4). 
Let G'2 be the Green's function of Ag + j. Let {xa)a be an arbitrary sequence of 
points such that x^ G M\na,B. for all Q^? where i? > is to be chosen later on. 
There holds that 

Ua{Xa) = J G'2(Xa,x) ^(Ag + |)mq^ {x)dVg{x) 

< / G2{Xa,x)Va{x)dVg{x) 
JM 

f (1-64) 

< / G2{Xa,x)Vaix)dVg{x) 

+ ^ / G2{Xa,x)Va{x)dVg{x) 

for all a, where i?e is the radius obtained when proving the estimate on the Wq's in 
()1.57p . We have that G'2{xa,x) < Gdg{xa,x)'^^^\ Hence, by Giraud's lemma, 

[ G'2ix^,x)raixY^-"^^^''Uvgix) 

^^y.! dg{x^,xf~''^dg{x,,^,xf + ^'-'-^>-^dVg{x) [l M) 

i 

since e < ^^Ef- Now we fix i? > such that R > 2R^. Then dg{xa,x) > ^dg{xi^a, x) 
for all X e „ {R^fJ-i^a), and we get that 

G'2{Xa, x)Va{x)dVg{x) 
— Cdgixi^aXa) I VadVg , . 



< 



1/2 

Cdg{xi^aXaY^"^^o\g[B^.^{Re^Ji^^a)) lka||L2(A/) 



— Gdg(xi^aXa) t^ia 
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since the Wq's are bounded in L^. At last, still by Giraud's lemma, 

(1.67) 

M 



(1.68) 



< C 

since < £ < ;j32- Combining (|1.65p - (|1.67p with (jl.64p . thanks to the estimate on 
the VaS in (|1.57p . we get that 

i 

There holds that 

_ , , N4-n+(n-2)e 

and 

d,ix.,^,x^)-'-(--'>f,li'^,-'^'-^"-'^' < c ( ^ ) < c 

since dg{xi,a,Xa) > R^i^a- Coming back to (jl.68p we get that the estimate on the 
Mq's in (|1.57p holds true. This ends the proof of the lemma. □ 



Thanks to the estimates in Lemma 11.61 we can now prove Proposition 11.11 

Proof of Provosition \l.l[ Consider the estimates: there exist C > 0, R > and 
6 > such that, up to a subsequence, 

\V'ua\ < C (/i^r^-"-^" +r?„(<5)2"-i) (1.69) 

in M\i}aM for all j = 0, 1, 2, 3, and all a, where ^a,B. — Ui Bxi,^{RfJ'a)- We prove 
Proposition ll.ll bv proving first these estimates, then by proving that we can replace 
VaiSy'"^ by IIwooIIl^ in (|1.69p . and at last by proving that the estimates hold in 
the whole of M. 

(1) Proof of (|1.69p . Let Ga be the Green's function of the fourth order operator 
+ baAg + Ca- By Lemma Fl. 61 given < e <C 1, there exist R^,C^,de > such 
that 

< a + tiM) (1-70) 

in M\ [Ji^i „ {R^iii,a)- Since fii^a < fJ-a by the definition of fia, there holds that 

M\ila,R C M\[j'^^-^^ Bxi^{RfJ,i,a)- Let {xa)a be a sequence in M\na,R- We aim 
at proving that there exists C,S > such that, up to a subsequence, 

\^'uM\ <c(^fi!fr^{xc,f-''-'+Vc{Sf'') (1-71) 
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for all a. Let R = 2Re + 1 and 5 = 5e- We have that 

Ua{x) = / Ga{x,y)ua{yf'*~^dvg{y) (1-72) 
Jm 

for all a and x M . By combining (|1.46p and (|1.72p we then get that 

\'S/^Ua{Xa)\ < / \'^iGa{Xa,x)\ua(xf*~'^dVg{x) 
JM 



<C I dg{Xa,,xf-''-^Ua,{xf-^dVg{x) 
M 



< I dg{xc,,x)^ " ^Ua{x)^' ^dvg{x) 



(1.74) 



(1.73) 



+ / dg{Xa,x)^ " ^Ua{xY ^dVg{x) 

Let fc„ ^ (2« - l)(n - 2). By (jTTTni) . 

/ (ig(a:Q,a;)''~"~^MQ(a;)^''"^dwg(a;) 

<CA.f*'-'""^AL + Cr;„(,5,)2"-i , 
where 

= / d<,(x„,x)4-»-^rf<,(x,,„,x)-("+4)+'="^di;g(x) . 

Let Ki,a = {a; s.t. dg{xa,x) < ^dg{xi,a,Xa)} ■ Then 

AL< / d3(s„,a;)4-"-Jd<,(:E,,„,a;)-("+4H'="^d«g(x) 

"'-ff,,a\Bx._„(fi./^c) 



By the definition of Ki^a, there holds that dg{xa,x) < dg(xi^cnx) in Ki^a- Hence, 
choosing £ ^ 1 sufficiently small such that 4 — fc„e > 0, we can write that 

/ dg{Xo.,xf-^-^dg{x,,^,x)-^'' + ^^ + ''-'dVg{x) 



< 



dg{x^,x)'-"-^-'dgix.,^,x)'-- f^d^^y dVg{x) , 



where < 6* ^ 1 is chosen small, and by Giraud's lemma we get that 

^ Cii-^^^'-'dgix^^^.x^f-^-^ . (1.76) 
In there holds that dg(xa,x) > \dg[xi^aTXa)^ and we can directly write that 



^2 Q — C!dg{xi,a, Xq,) / dg(^Xi^a, x) ^ ^^dVg(x) 

"'^ff,„\-Bx,,„(i?eMa) (1.77) 
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At last, since R > 2Re + 1, we can write that dg{xa,x) > ^dg{xi^a,Xa) for all a 
and all x £ B^^ ^{RefJ-a)- Hence, by Holder's inequality, for any i, 



dg{Xa,x)^ " ^Uq(x)^ ^dVg{x) 



<Cdg{Xc„Xi^aY " ^ / Ua{xf ^dVg{x) 

(1.78) 



2»-l 



< Cdg{x^,X,,o.y-"-'yo\g (B,„„(i?,A*a))' ^ \\Ua"^ ' 



Combining (fLTSl - lfTTSl) we then get that ([TT7T|) holds true. This proves (fTBOl) . 

(2) Proof that (|1.69l) holds true with |juoo||L°° instead of r]a{S)^' . If ^ 
there is nothing to do since, by Lemnia ll.4[ r]a{S) < C. Now we prove that 

V.iS) < C^i"-^)/' (1.79) 

in case Uqo = 0. This is sufficient to conclude to the validity of (|1.69l) with ||uoo||l°° 
instead of r]a{5)'^ We assume in what follows that Uoo = and we define 
^ciS) ^\J,B^^ JS). By (UMl), 

max Ua < Cfj.^ + CriJdf'-^ , (1.80) 

M\Sl„(<5/2) 

while, by (|1.48p . we can write that 

max Va < C max + C||wq|| ri . (1.81) 

M\n„(5) M\n^{5/2) 

Let G3 be the Green's function of + b. There exists A > such that G3 > A 
in M and since Va < (Ag + b)ua for a ^ 1, we get with Green's representation 
formula that 

Allwallii < / G'y,{x,y)va{y)dvg{y) <Ua{x) 
for all a and all x. Therefore, thanks to (|1.8ip . 



riaiS) < C max Ua ■ (1.82) 

A/\n„(5/2) 

By Lemma ll.3i there holds that maxjvf ^fj^ (5/2) — > as a — > +00. In particular 
VaiS) -> as a ^ +00, and since by (| 1.801) and (ll.82p . 



max Ua<Cua^ + Cria(S)'^ ^ max Ua 

A/\Oq(<5/2) M\a„(5/2) 



we get that 



max Ua < Cua^ . (1.83) 

Af\Oo(<5/2) 

The existence of C > such that pTTg)) holds true follows from ([L82)) and (fTSSl) . 

(3) Proof that the estimates are global in M . According to the preceding discus- 
sion, the estimates (|1.8p hold in M\na^ji for some R > 0. We are left with the 
proof that they also hold in fla,R- By Lemmas 11.31 and 11.41 



r2^ +'|V^M„| < C 
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in M for all j = 0, 1, 2, 3. Noting that ^ < Cr;^"""^ in ila.R, this ends the 

proof of the proposition. □ 

2. Proof of Theorem 10.11 

We prove Theorem 10. II by contradiction. We assume that {M,g) is conformally 
flat of dimension n > 5. We let {ba)a and {ca)a be converging sequences of real 
numbers with limits b and c as a — > oo, c— ^ < 0, and {ua)a be a bounded sequence 
in of positive nontrivial solutions of (|0.8p satisfying (II. ip . The Pohozaev identity 
for fourth order equations can be written as follows: for any smooth bounded 
domain f2 C M", and any u e C^{Tl), 

x^dku) A'^udx H — / uA'^udx 



n 2 

n — 4 /■ / dAu 9u , , , , ^ 

-Au da (2.1) 



\ dv dv 

— Au ) d<T 



^t^ ^2 w , 9(a;, Vu) 



/ao \2 dv dv 

where v is the outward unit normal to and da is the Euclidean volume element 
on 9f2. A preliminary lemma we prove is concerned with the Pohozaev identity, 
applied to the Uq's, in balls of radii ^JJl^, where is as in (II. 7p . Without loss of 
generality, up to passing to a subsequence, we can suppose that /ia = /ii^Q, for all 
a. Then we let Xa = a^i.a for all a. We say Xa is the blow-up point associated with 
/^Q. The meaning of ^/JiZ in this section is that it is precisely the distance up to 
which a bubble singularity like in ()1.3p . with Xi^a = Xa and /^^.q = ^a, interact in 
the L°°-topology. Namely, for such a Ba, 

lim max Ba — £r. , 

where e^j — as i? — +oo. In particular, maxgB^^(5„) — > as a — )■ +oo for 
any sequence {5ci)a of positive real numbers such that ^ +oo. 

Lemma 2.1. Let {M,g) be a smooth compact conformally flat Riemannian mani- 

,2 

fold of dimension n > 5, and 6, c > be positive real numbers such that c — ^ < 0. 
Let also {ba)a o,''^d {ca)a be converging sequences of real numbers with limits b and 
c as a GO, and {ua)a be a bounded sequence in of positive nontrivial solutions 
of (|0.8p satisfying (jl.ip . There exists S > and K{uoo) > such that K{uoo) > 
if Uoo ^ 0, and 

{Ag - bag)(yua,Vua)dvg 

\ ^ (2.2) 

for all a, where Ag is as in (|0.3p . is as in (11.71) . and x^ is the blow-up point 
associated with /i^ • 

Proof of Lemma \2.1\ Let be defined in bounded subsets of R" by 

Ua{x) ^ Ua{eyi^x^{^/JIZx)) ■ (2.3) 
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By Hebey, Robert and Wen [20], there exist S > 0, A > 0, and a biharmonic 
function G {Bo{2S)) such that, up to a subsequence, 

^^^ + <^(a:) (2.4) 

in Cf^^ {Bo{2S)\{0}) as a — > +oo, with the property that (p is nonnegative, and 
even positive in Bo{2S) if Uoo ^ 0. Moreover, there also holds that for any a, 

uldvg^o{l) [ iVu^fdvg , (2.5) 

where o(l) — )■ as a — > +oo. Now we let Xoo be the limit of the x^s and let 
So > and g be such that g is flat in B^^ (4(5o). We write that g — ip'^^^'^~'^'> g with 
'pixoo) — 1, and let iia — Define 

„ 45a Sni . 12-,. 



and 



2 

4(n ^) " 



—QgV'^-"+'P^-^dlYg{Agd'P ), 

where is the Q-curvature of g and Ag is as in (j0.3l) . By conformal invariance of 
the geometric Paneitz operator in the left hand side of (|0.2p . there holds that 

A + 6Qiy9"^ AUq — i3Q,(V(y5, Vita) + /IqUq: 

. (2-6) 

+ "-4 dlVg [if AgdUa ) = 

in i32;o„(4(5), where is as in (10.31) . Bq, and ha are as above, and A — Ag is the 
Euclidean Laplacian. As a remark, (12.61) can be rewritten as 



A^Ua + (fi^-^div^ {{Ag - bag)dua) + ■ 



~.2''-l 



U 



where the dots represent lower order terms. Now we let (5 > be sufficiently small. 
We regard function in the Euclidean space and assimilate Xa to thanks 

to the exponential map exp^^ with respect to g. With an abusive use of notations, 
we still denote by (p the function c/?oexp^^, by Ag the tensor field (exp^^)*Ag, and 
by g the metric (exp^^)*^. Applying the Pohozaev identity (|2.ip to the Ma's in 
Bo{Sy/JI^) we get that 



n — 4 f 

(^x'^dkiia) A^iiadx H — / UaA^Uadx 



n — 4 /■ / , dAua dua 



dv dv 



Aua da (2.7) 



^2 I Y7- -.dAua , d{x,Vua) , , 

-{x,v){AUa) - {X,\/Ua)—^ \ AUq dcr . 

2 av ov ' 
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(2. 



Integrating by parts, using p.6p . we can also write that 

/ {x^dkUa) A'^Uadx H / UaA'^Uadx 

= ba ^p"^\VUa\'^dx — / if"^ Ag{VUa,yUa)dx 

+ ol [ |Vu„prfx)+o(/ uldx] 

\JBo{S^) J \Jbo{S^) J 

+ 0l [ ul{l+U^^-^)dx] +0l f \S/Ua\^dx] , 

\JaBo{S^) J \JdBo{5^) J 

where, in this equation, as already mentioned, we regard ip and Ag as defined in 
the Euclidean space. The proof of p.Sp involves only straightforward computations. 
By (1^ . 



dBo{S^^) 



u'^{l + u'^ '^)dx^o(fia^ \ , and 



(2.9) 



while, by (P3)) . 



uldx = o\ IVuapdx . (2.10) 



Independently, we can also write with the change of variables x = ^/Jj^y and (12. 4p 
that if Ra stands for the right hand side in (|2.7I) . then 

n-A f f dAu du ^ \ 



f /I/ n/a~n9 / „-n9Au (9(a;, Vu),_\ , 

+ / - X, Au 2 _ (^x, "^u)—- + '-Au da 

JdBo(S) V2 dv dv J 

as a — >■ +00, where 

= (2-12) 

is given by p.4p (so that A'^(p — 0). Coming back to the Pohozaev identity p.ip . 
taking = _Bo(<5)\-Bo(?'), and since A^u = in J7, it comes that 

n — 4 f ( _ dAu dii . ^ . , 
—u— h —Am 1 da 

dBoiS) \ oiy dp 



1/ x/A~x9 / „_^9A^i d(x,Wu) . ^ , , 
- X, Am 2 _ VmH^ + -A^ ^Am da 

n — 4 f ( ^ dAu du . 

-u— h ^—Au da 



(2.13) 



2 yai3o(r) V diy dv 

f /!/ ^/A~^9 / ^~^9Au d(x,Vu)^^. , 

+ / -{x, iy){Auf - (x, Vm)^ + ^Am ) da 

JdBoir) \^ Ol- 
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for all r > 0. Combining (|2lT1) . ([2TT2| . and (|2?T3| . letting r ^ 0, we then get that 

Ma'^i^a ^ if(Uoo) (2.14) 

as a — >■ +CX), where K{uoa) — {n — 2)(n — 4)^a;„_i^(^(0). We have that A > 
and we know that 0{O) > if Uoo ^ 0. It follows that K{uoo) > if Uoo ^ 0. By 
combining (P?71) - (|2.10l) . and (|2.14p . we can write that 

|Vu„pdx + (i^(Woo) + o(l))/^^ , 

where o(l) — ^ as a +oo. The norm of V-Uq in the first term of (|2.15l) is with 
respect to the Euclidean metric g = Noting that |Vu|? — (^^/^"~^^ |Vu|g, it 
follows from ^(^T^ that 

IVUc^fdx] ~ (if (Uoo) + 0{l))^l^ 
Bo{S^) J 



(2.16) 



an equation from which we easily get with p.Sp that 

/ (Ag - bag){\i'ua,\7ua)dvg 

Jb^^(s^) 

\Vua\^dvg I - {K{uoo) + o{l))^l^ . 

Ba(S^) J 

This ends the proof of the lemma. □ 
Thanks to Lemma [2?T1 and to the estimates in Section [Tl we can prove Theorem 

EH 

Proof of Theorem lO. 1\ By Lemma |2. II it suffices to prove that when n = 5, 6, 7, 

\Wua\''dvg = o(p^) , (2.17) 



'B,^{5^) 

where i5 > is as in Lemma \TT\ For a 1 sufficiently large, we write that 

k 

> / 



k 

I |VM„PdWg<^/ \VUc,\^dVg 



'-BxaliyM^) i=l "'-Bxi_„ (-RMq> (2 18) 



\VUa\'^dVg , 



where i? > is as in Proposition 11.11 By the embedding C H^'^ , where 
2* = ■^^72' functions |Vuq| are bounded in . Using Holder's inequalities it 
follows that for any i, 

I \Vu^?dvg < C^a*'"^^ = C^Il . (2.19) 

Jb^. (i?Mc) 
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There holds that /i^ — o{^a^ ) when n = 5,6,7. Independently, thanks to Propo- 
sition [TTTl we can write that 



/ \VUa\'^dVg 
JB. 



There holds that 



(2.20) 



/ dg{x,,^,-f-'''^dvg<CS^ (2.21) 

for all a, where S'^ = 1 when n = 5, = In when n = 6, and Sa — when 
n > 7. Combining ((2?T8| - ((2?2T|) we get ((2T7l) . This ends the proof of Theorem 

nm □ 



3. Trace estimates 

We prove trace estimates in this section. Such estimates are required to prove 
Theorem 10.21 As in Section [1] we do not need to assume here that g is conformally 
flat. We let {M,g) be a compact Riemannian manifold and let {ba)a and (ca)a 
be converging sequences of real numbers with limits b and c as a — >■ oo, where 
c — ^ < 0. We let also {ua)a be a bounded sequence in of positive nontrivial 
solutions of (|0.8I) satisfying We aim at proving that if ^4 is a smooth (2,0)- 

tensor field, the the integral of A(VMa, Vuq) around the maximum blow-up point 
Xa behaves like the trace of A at Xoo times /i^, where x^ — >■ Xoo as a -> -foo. In 
what follows we define Ii and I2 to be the subsets of {1, . . . , fc} given by 

Ii = <i = l,...,k s.t. dg{xi a, Xa) = 0(1) > , and 

\ (3.1) 

/2 = |l = 1, . . . , fc S.t. dg{x,^a,Xa) = o{y/JI^) j , 

where the x^^q's and fc are given by the decomposition (|1.2p . is as in (|1.7p . 
and cCq, is the blow-up point associated with fia- Namely, assuming that, up to a 
subsequence, fia = Mio.a some iq and all a, then = Xig^Q. 

Proposition 3.1. Let {M,g) be a smooth compact Riemannian manifold of di- 

,2 

mension n > 7, and b,c > be positive real numbers such that c — ^ < 0. Let 
also {ba)a o-nd {ca)a be converging sequences of real numbers with limits b and c as 
a -foo, and (mq)q be a bounded sequence in of positive nontrivial solutions 
of ()0.8p satisfying (jl.ip . Let A be a smooth (2,0) -tensor field. Let S > be such 
that dg(xi aT Xa) ^ 25y//I^ for all a and all i ^ I2, where fia is as in ()1.7p . Xa is 
the blow-up point associated with and I2 is as in (|3.ip . Then there exists /3 > 
such that, up to a subsequence, 

lim [ A{\/ua,\7ua)dvg ^ l3Trg{A){x^) , (3.2) 

where Xoo is the limit of the Xa 's- Similarly, if Uao = 0, and S > is such that 
dg{xi^a,Xa) > 2(5 for all a and all i ^ Li, where Xa is the blow-up point associated 
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with Ha, and h is as in (13. then 



lim \[ A{Vua,Vua)dvg ^ (3Trg{A){x^) (3.3) 

a^+oo H^ Jb^^(S) 

for some /? > 0, where, here again, Xoc is the limit of the Xa 's- 

Proof of Provosition \3.1\ Let /' be the subset of |l,...,fc} consisting of the i's 
such that Ha = 0(Mi,a) and, for i given, let li be the subset of {l, . . . , fc} consisting 
of the j's such that dg{xi^a,Xj^a) = O {Hi,a)- Given i? > we define Ai^a,B. to be 
the annul! type sets 

Ai,a,R = -Sa:,_„(_R^i ^)\ [J B^^^ ('R^''' 

We claim that for any sequences {^a)a of domains in M, 



/ \Vua\^dvg < 2 / \Vu^\^dvg + o (volg(l]„)^) + ERH 



2 

a ) 



(3.4) 

/ IVWapdWg < O {VolgiSla)) + eflMa 

for all a, where -> as i? — )■ +00. First we prove p.4p . then we prove p.2p and 
at last we prove 



(1) Proof of the first estimate in p.4p . We use the Sobolev decomposition (|1.2p . 
Thanks to p^ . by the Sobolev embedding H"^ C 7?^'^*, where 2* = by 
Hoder's inequality, and since n > 7 so that there holds 1^%^^ = o{Ha), we can write 
that 

/ IVUal'^dVg < 2 / IVlieopdWg 

k (3.5) 
+ E / |VB^pd«g+o(vol,(l]„)t) . 

Independently, for any j, 

/ \\/Bi\'dvg<C4J l^!^dx + o(Mi), (3.6) 

where Ka = exp;^:.^^ (Uie/' ^i,a,R)- In case j ^ /', then = o(^^) and 

/ |Vi3^pd^;,=o(Ai2). (3.7) 

In case j £ I' , then 



26 



EMMANUEL HEBEY AND FREDERIC ROBERT 



where Kr = -Bo(-R)\Uie/ ^Vi^'h) ^^"^ limit of the exp^^^^ (a;i^a)'s. 

The first estimate in p. 41) clearly follows from p.5p - p.8p . 

(2) Proof of the second estimate in p.4p . Here we use Proposition ll.fi By ([TT 
we can write that 



< c 



<cvoi<,(r!„) + CA*r'E / 



(3.9) 



a ' 



and there holds that 



'\Bo{R} 



Ixf-^^'dx . (3.10) 



Since n>7, the second estimate in p.4p follows from p.9p and p.lOp . This proves 



(3) Proo/ of Let ifi = [j^^j, A^^^r and if^ ^ y^^^ B^^ jRfi^). By the 

structure equation, (|1.4p . A^^q.^ P| v4j,Q,fl^ = for all i ^ j in /'. We start by writing 
that 



A{yUa,'\/Ua)dVg 



A{Vua,Vua)dvg (3 11) 

\Kl ^ ' 



= V / A{Vuo,,Vuc,)dvg^ / 
where J = I' f] l2 and /2 is as in p.ip , and that 
A(Vuq,, VuQ,)(it;g 



< 



B^^{S^)\Kl 



v4(VMq, 'VUa)dVg 



/ yl(VuQ, VwQ)(iwj 



(3.12) 



By (El, 



^(VWq, 'S/Ua)dVg 



< o{iil) + CeRii, 



a , 



/ A{\7Ua^'^Ua)dVg 

Jki\ki 

where — > as i? — > +co. Combining p.lip - p.l3p . it follows that 

A{\JUa,^Ua)dVg —"^^ I A{yUa,^Ua)dVg 
+ 0(Ma) +£-R(a)Ma , 



(3.13) 



B^^ (S^/Jl^ 



(3.14) 
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where lim/j_>.+oo liniQ-i.+oo £fl(a) — 0. We fix z e J and define ga to be tlie metric 
in Euclidean space given by ga{x) = (exp*^ ^ g^{iii_ax). For j S li, we let also aj^a 
be the point in M" given by ^ = Mrdi ^^^xlc. Since j € li there holds that, 

up to a subsequence, aj^a — > in M". We define Mi,Q to be the function defined in 
the Euclidean space by Ua = Rxl'^Ua, where the i?^ action is as in (|l.f Sp . In other 
words, 



Then 



I 



A{\/Ua,\7Ua)dVg = Aa{VUa,yUa)dVg^ , (3.15) 

JBnimwVr, 



where A„(a;) = (exp* A){^ii^ax), = Ujg/, ^a^ A^)-, and Ba^ ^^) is the ball 
of center aj^a and radius 1/R with respect to ga- Since — > ^ in the C'*-topology, 
where ^ is the Euclidean metric, it follows from Lemma FOl and (|3.15l) that 

A{'^ Ua,'\/ Ua)dv g 

= ^^la^ Ao{VB,VB)dx + o{pl^) (3.16) 

= / ^(VB, ^B)dx + 0(/.2„) + , 

where Ao (exp*^ A) (0), Oj^ct — cLj as a — +00, — ^ as i? — > +00, and B is 
as in (|1.14p . Since B is radially symmetrical, we get from p.l6p that 



/ A{\7Ua,'^Ua)dVg 

= M'a-Tr9(^)(a^oo) / \^Bfdx + o[ill^) + ERpil , 



(3.17) 



and ([321) follows from (|3lll) and (|3Tfl) with ^ = (E^ejA**) /r- |VBpdx, where 



[li is the limit of as a — > +00. Assuming /i^ — fJ-i.a for all a, there holds that 



1 e ,/ and /3 > 0. This ends the proof of 

(4) Proof of ((3^ . We take advantage of Uoo = 0. By (fTSl) in Proposition [ITl 
and since n > 7, we get that 

V?/a|2di;g < CA^r' / ra{xf-^"dvgix) 



<C[il-^y^[ dg{x,.a.xaf-^^c 

^=1 "'s^„('5)\-Bx,,„(i?Mo) (3.18) 



'dVg 



\Bo{R) 
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where e_R — >■ as i? — > +00. Then, we can write that 



^ / A{VUa,VUa)dl 



S.„(<5)\ifi 



A{VUa,VUa)dVg , 



(3.19) 



where J' = I' f] Ii and Ii is as in p.ip , while 



v4(VUc(, 'S/Ua)dVg 



< 



A{VUa,VUa)dVg 



/ ^(Vmq, VuQ)dw£ 



(3.20) 



By dnZl and ((XT5)) we then get from ((XTOl) and (IX^ that 



where £ij — ^ as i? — >■ +00, and p.3p follow from p.l7p and p.2ip . This ends the 
proof of the proposition. □ 

4. Proof of Theorem 10.21 when n > 6 



We prove Theorem 10.21 by contradiction. We assume that {M,g) is conformally 
flat of dimension n > 6. We let {ba)a and (cq-)q, be converging sequences of real 
numbers with limits b and c as a — >■ 00, and (ua)^ be a bounded sequence in of 
positive nontrivial solutions of (jO.Sp satisfying (|l.ip . We split the proof in the two 
cases n = 6, 7 and n > 8. 



First we assume n = 6,7. By Theorem 10.11 we know that Uoo = in (|1.2p . Let 
S = {xi, . . . ,xn} be the geometric blow-up set consisting of the limits of the Xi^a's, 
where the Xi^a's are as in Section [1] Let Xa and fia be as in Sections [1] and [21 
being as in ()1.7p . We may assume Xa = for all a. Given Xi G S, since g is 
conformally flat, there exists (up to the assimilation of Xi with 0) a smooth positive 
function ip > in a. neighborhood U of Xi such that lys^/'""**)^ — g in U — Bo{6o), 
where ^ is the Euclidean metric. We may also assume U O S = {xi}. We define 
iia = and apply the Pohozaev identity (|2.ip to rjsUa in Bo{d) for 6 G (0, (5o), 
where ris{x) — ri{^x) and 77 is such that 77 = 1 in i?o(l) and 77 = in ]R"\_Bo(4/3). 
By Hebey, Robert and Wen |2S], there holds that 



iV'^Mapda; = 0(1) /" iVuapda: 

lBo{S)\Bo{S/2) Jm 

for all fc = 0, 1, 2, where o(l) — )■ as a 
that 



-00, and there also holds since Uo 



1 



(4.1) 



(4.2) 



as a +00, where Bs = Uili^^i('^)- These estimates may be proved directly 
from Proposition 11.11 By ()2.6p and (|4.ip . following the computations in Hebey, 
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Robert and Wen [20], we get from the Pohozaev identity that 

[ rj^if^{Ag-b^g){^u^,Vu^)dx <C{es + o{l)) [ \Vu^\^dvg , (4.3) 

JR" JM 



where C > is independent of a and S, Ag is as in ()0.3p . and es can be made 
independent of a and such that — > as (5 — >■ 0. When b ^ Sw, Ag — bag has a 
sign for a S> 1 sufficiently large. In particular, coming back to M, summing over 
i = 1, . . . , A^, it follows from (|4?T|) . (|4T2|) and (|43l) that 



/ \Vua?dvg<Ces \Vua?dvg + oi \Vua?dvg] , (4.4) 
Jm Jm \jm J 

and we get a contradiction since as (5 — >■ 0. This proves Theorem 10.21 when 

n = 6. When n = 7, we consider (|4.3p around x^, namely for i = 1. By (|2.19p . 
(1121), and Proposition [TTl 

/ \^ua\^dvg^0{p.l) . (4.5) 

JM 

By (|3.3p in Proposition [331 (|4.ip . and (|4.5p . we then get by letting a — +cx) and 
(5 ^ in (|4.3p that iTrg(ylg)(a;oo) = where Xoo is the limit of the Xq's. This 
proves Theorem 10.21 when n = 7. 



Now we assume n > 8. Let and /Iq be as above. By (|l.ip and Proposition 



iVw^l^dz;,, = 0(/i^) (4.6) 

for all (5 > 0. Applying Lemma ITT] and Proposition 13.11 it follows that 

^Ti-g{Ag){x^)-b + o{l)^ ^ll = -^{K{u^) + o{l))^i^ , (4.7) 

where K{uao) is as in Lemma |2. 11 /3 > is as in Proposition 13. 1[ and 

a — )■ +00. Assuming that n > 9 and b ^ ^Trg{Ag) in M, the contradiction directly 

follows from (14. 7p since, in that case, ^i" "''^^ = o(/i^). This proves Theorem 10.21 
when n > 9. In case n = 8 we have that /li" ^''^^ = /i^, and if we assume that 



b < -Trg{Ag) in M, then, again, we directly get a contradiction thanks to (|4.7I 
using the signs of the two terms in (|4.7p . This ends the proof of Theorem 10. 2 



5. Proof of Theorem 10.21 when n = 5 

We prove Theorem 10.11 in the 5-dimensional case by contradiction. We assume 
that {M,g) is conformally flat of dimension n = 5. We let {ba)a and {ca)a be 
converging sequences of real numbers with limits b and c as a — >■ cx), and (uq)^ 
be a bounded sequence in of positive nontrivial solutions of (|0.8p satisfying 
(jl.ip . By Theorem lO.il we know that Moo = 0. We let S be the geometric blow-up 
set consisting of the limits of the x^^q's as a — > +oo: S = {xi, . . . ,xn}, where 
N < k. In the case of clusters, N < k. We prove in what follows that there exist 
Ai, . . . , Xjsr > such that X^ili = ^ and such that 



^f^^xiixi) + ^XiXjG{xi,Xj) = 



(5.1) 
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for alH = 1, . . . , A^, where G is the Green's function of + 6Ag + c and is its 
regular part as in (|0.10|) . When c < which is assumed here, G is given by 

G{x,y)^ I Gi{x,z)G2{z,y)dvg{z) , 
Jm 

where Gi (respectively G2) is the Green's function of the second order Schrodinger 
operator Ag + di (respectively Ag + (^2): smd di, d2 are as in with b and c in 

place of ba and Cq.. Hence, G > and Theorem 10.21 when n — 5 follows from (|5.1I) . 
Note that (|5.ip reduces to Af^a:;(a;i) = in case iV = 1, so that the positivity of 
the mass is required, in particular in the case of clusters. 

We prove (|5.ip in the sequel. By Theorem 10.11 and Proposition II. 1[ splitting Af 
into the two subsets {r^ < RfJ-a} and {r^ > Rfia}, we easily get that there exists 
G > such that, up to a subsequence, Jj^ u^~^dvg < Cfxl/^ for all a. By Lemma 
11.21 we then easily get that there exists c > such that, up to a subsequence, 



u 



2»-l 



dvg^ {c + o{l))^ig . (5.2) 

IM 

Again by Theorem 10.11 and Proposition ll.li thanks also to (|5.2p , we get that for 
any compact subset fl of M\S, 

^"""VJ"!' - ■ (5-3) 



a 



In what follows we let 5a — inf^^j dg{xi,Xj). For i = 1, . . . ,iV, and S e (0,(5o), we 
define 

Jm"" dvg 

It follows from (|5.3p that A,; does not depend on S and that J^i = ^- Let be 
given by 

(5.5) 



Im "" 



3 



By and there holds that 



where fia = 0{fia)- By Proposition 11.11 and (|5.2p there also holds that for any 
compact subset ft C M\iS there exists Gji > such that Ua < Gn in fl. Then, by 
standard elliptic theory, there exists u e G^(M\iS) such that Ua urn Gf^^{M\S) 
as a — ?► +00. By Green's representation formula and the estimates in (jl.46p . we get 
that u expresses as the sum of the AiG^j/s, where Gxi = G{xi, •). Summarizing, up 
to a subsequence, 

N 

^A,G,. (5.6) 

in Cf^^{M\S) as a — 7> +00, where the A^'s are as in (|5.4p and Ua is given by (|5.5p . 

Now we fix i e {l,...,iV}. Since g is conformally flat, there exists (up to the 
assimilation of Xi with 0) a smooth positive function (/? > in a neighborhood U 
of Xi such that (^^/("^"^^^ ~ g in U = Bo{So), where ^ is the Euclidean metric. We 
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may also assume U (1 S = {xi}. Define iia — ^pua. Basic Riemamiian estimates, 
going back to the equation for geodesies, yield 

d,i0,x) = \x\^i0)^^(l + -^(^^^x)+O{\x\^)] , (5.7) 



n-4 V v(0) 

where (•,•) is the Euclidean scalar product. It follows from (jO.lOp . (15. 6p and ([5 
that 

1™ 1-^^^ = ^^ (5.8) 

in Cf^^{U\{Q}) as a — +oo, where 

in J7\{0}, ft e C°'^([/) for < 6* < 1, ft is smooth outside 0, and 

ft;(0) = \i^,j;.{xi) + ^^\jG{Xi,Xj) ^p{Xi) . (5.10) 

V / 

By standard elliptic theory, following arguments as in Druet, Hebey and Vetois 
[lOj . there also holds that 

3 

lim sup V |a;|'=|V'''ft(x)| = . (5.11) 
-■^"l-l-^i 

In order to prove ()5.1ip in our context we first note that by (|2.6p . ft; satisfies an 
equation like 

A^ft + A'^'dliP, + B''^k|i^ + DP, = U (5.12) 

in C/\{0}, where the coefficients A^^ , and D are smooth, and where fi is such 
that |/,;(a;)| < Cjxl^'^ in [/\{0}. First, keeping in mind that we aim at proving 
()5.1ip . we claim that there exists C > such that 

3 

Y,\x\^\^'^P,{x)\<C (5.13) 
fc=i 

in C/\{0}. We argue by contradiction. Suppose that there exists {xm)m in C^\{0} 
such that J2k=i \^m\''\'^'' Pi{xm)\ +00 as TO +0O. Since ft is smooth in 
[/\{0}, there holds that a;™ — )■ as to — )■ +oo. Let ft,m(a;) = I3i{\xm\x). By (|5.12p . 
thanks to standard elliptic theory, there exists f3 G C^(M"\{0}) such that ft^m — > /? 
in Cf„^(E"\{0}) as TO ^ +CX) and A^/S = in R"\{0}. We have that |/3| < C in 
R"\{0} since ft e C^^^iU). Then 

i^mi" |v'=ft(x™)| = J2 (rn) ^ E ' (^.w) 



fc=l fc=l 



fc=l 



where i/ is the limit of the points as to — > +oo. A contradiction, and this 
proves (|5.13l) . Now we prove (|5.1ip . Here again we argue by contradiction. We 
assume there exists {xm)m in C^\{0} such that 

3 

J2\x„,\''\V''l3,{x^)\>C (5.15) 
fe=i 
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for all m and some C > 0, and such that Xm — > as m — > +oo. We define 
/3i,m as above. Then we get the existence of /3 € C^(R"\{0} such that (3i^m P 
in'cf„^(M"\{0}) as TO ^ +oo and A^/? = in R"\{0}. By there holds 

that A^/? = in R" in the sense of distributions and not only outside 0. Then 
j3 is smooth and, necessarily, see Adimurthi, Robert and Struwe [I], we get that 
/3 = C** is a constant. Coming back to (|5.14p . we get a contradiction with (|5.15|) . 
This proves ([5lT|) . 

From now on, given 5 G (0,(5o), we define 



dBo(S) JdBo(S) 

where v is the unit outward normal to dBQ{S) and Hi is as in (|5.8l) - (|5.9p . By ([5 
and dEIII), 

liniA. = ^l^if^A(0). (5.17) 

Independently, applying the Pohozaev identity (|2.ip to Ua in Bo{6), we get by (|5.2p 
and that 

(^x'^dkUa + ^Ua^ A^Uadx = {cAs + o(l)) fia ■ (5.18) 



'Bo (5) 

By Proposition 1 1.1[ for any k G {0, 1, 2}, 



/ Ua\V'^Ua\dx < es{a)iia and / \Vua\'^dx 

Jbo{S) JBaiS) 



< esia)fia , (5.19) 



where lim6_j.o limsup^^_,_o2 £5(0;) = 0. By (j2.6p and (|5.19p . integrating by parts, 
we get that 



X^dkUa + -^Ua ) A^iladx 



< ss{a)fic, , (5.20) 



'Bo{S) 

where es{a) is as above. Combining ()5.18p and (|5.20p it follows that ^5 — >■ as 
(5—^0. Coming back to (|5.10p and (|5.17p . this proves (|5.ip . As already mentioned, 
this also proves Theorem 10.21 when n = 5. 



Theorem 10.21 has an interpretation in terms of phase stability of solitons for the 
fourth order Schrodinger equation 

i^ + Alu + eAgU^\u\'''-^u, (5.21) 

where e > 0. Equations like (|5.2ip have been introduced by Karpman [22] and 
Karpman and Shagalov [23] to take into account the role of small fourth-order 
dispersion terms in the propagation of intense laser beams in a bulk medium with 
Kerr nonlinearity. Among other possible references they have been investigated 
since then (local well-posedness, global well-posedness, scattering) by Fibich, Ilan, 
and Papanicolaou [TT], Guo and Wang [14j, Hao, Hsiao, and Wang [inillT], Pausader 
di mi HH, Pausader and Shao [l^, and Segata [33]. Solitons for ([OT]) can be 
written as ue~*"*, where u : M ^ M. satisfies (jO.ip with b = e and c = w. We 
assume here that > 0. If (jO.ip with b = e and c = w is stable, then phase stability 
holds true for ()5.2ip in the sense that for any sequence Uae"*'^"* of solitons, with 
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||wa||ff2 < A for some A > 0, if — > w in M, then, up to a subsequence, Uq — > u in 
and the sequence of soUtons converges to another sohton. In other words, if ()0.ip 
is table, then the sole convergence of the phase suffices to guarantee convergence of 
the solitons. A corollary to Theoreni l0.2l is that phase stability holds true for (|5.2ip 
when the scalar curvature of the background space is positive, e > is sufficiently 
small, and lo £ (0, e), up to the addition of extra assumptions when n = 5 in order 
to apply Theorem 10.31 

6. Proof of Theorem 10.31 

First we prove that fix{x) > for all x. Let Pq be the geometric Paneitz operator 
as in the left hand side of (|0.4p . and Pg = + bAg + c. Let also Gq be the Green's 
function of Pq and G be the Green's function of Pg. We fix x e M, and let 
Tx : M\{x} — > R be the function such that 

G{x,-)^Go{x,-)+Tx{-) (6.1) 

in M\{x}. When n — 5, extends continuously in M. Moreover, we have that 
PgTx = ~PgGo{x, •) = (Po - Pg)Go{x, •) in M\{x} . Noting that 

{Po-Pg)G{x,-)^0{dg{x,-)-^) , 

we actually have that e H^{M) D C°^%M) for aU p e (1,5/3) and aU d e (0, 1), 
where is the Sobolev space of functions in with four derivatives in L^. In 
particular, 

rx{v)= I Giy,-)iPo-Pg)Goix,-)dvg 



JM 

for all y e M, and noting that Hf C H^^'^" and > 2 for p close to 5/3, we 

get that 



Tx{x) ^ / Gn{x,-) {Po - Pg)Go{x,-)dvg + / TxPgTxdvg 

JM JM 

= / {Ag-bg){VGo{x,-),'^Goix,-))dvg (6.2) 
Jm 

+ J^^ - Go{x, -fdvg + j^^ {{AgTxf + 5|Vr,|2 + ctI) dvg . 

By assumption, bg < Ag and c < ■^Qg- Hence r^^ > in M. Now we use the fact 
that g is conformally flat. In particular, there exists ip > such that g = ip'^g and 
g is fiat around x. The Green functions Go and Go of Pq and Pq, where Pq is the 
geometric Paneitz operator with respect to g, are related by 

Go{x,y) = , . , . 6.3 
(p{x)(p{y) 

for all X ^ y. Independently, 

^0 (2^' = TT^A V +A + ax{y) , (6.4) 

6uj4:dg{x,y) 

where ax is continuous and such that ax{x) = 0. Combining (16. 3p and (j6.4p . thanks 
to (|5.7p . we get that 

^o{x,y) = - — -+A + ax{y) , 

6uj4:dg{x,y) 
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where ixx is such that (kxix) = 0. Coming back to (|0.10|) . thanks to (|6.ip . we then 
get that 

Hx{x) = A + Tx{x) . (6.5) 

By Humbert and Raulot |21| . assuming the Yamabe invariant is positive, Pq is 
coercive, and Gq is positive, we have that A > with equahty if and only if (M, g) 
is conformally diffeomorphic to the unit sphere. Since Tx{x) > 0, and x is arbitrary, 
we proved that Hx{x) > for all x, and that if ijLx{x) — for some x, then {M,g) 
is conformally diffeomorphic to the unit sphere. 

We assume now that ij.x{x) — for some x. Then, by (|6.5p . Tx{x) — and A^i). 
In particular (M, g) is conformally diffeomorphic to the unit sphere and by (|6.2p , 
since b, c > 0, bg < Ag and c < ^Qg, we get that Tx = Q and that 

^Qg = c in M and (Ag - bg) {VG{x, •), VG(a;, •)) = in M\{x} . (6.6) 

By first equation in (|6.6p . Qg is constant, and since g is conformal to the round 
metric we get, see for instance Hebey and Robert [TH] for the classification of all 
constant metrics, that g has constant sectional curvature. In particular, {M, g) is 
isometric to the 5-sphere with a constant multiple of the round metric. Then we 
also get that Ag = kg for some constant k and it follows from the second equation 
in (j6.6l) that necessarily k ^ b. In particular, c = ^Qg and Ag = bg in M. This 
ends the proof of Theorem 10.31 
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